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We study certain supersymmetry breaking deformations of linear dilaton backgrounds in 
different dimensions. In some cases, the deformed theory has bulk closed strings tachyons. 
In other cases there are no bulk tachyons, but there are localized tachyons. The real time 
condensation of these localized tachyons is described by an exactly solvable worldsheet 
CFT. We also find some stable, non-supersymmetric backgrounds. 
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1. Introduction and summary 

In this paper we will study some aspects of string propagation in asymptotically linear 
dilaton spacetimes. These backgrounds have a boundary at infinity in a spatial direction, 
(/), near which they look like 

IR^ X 1R<^ X A/" . (1.1) 

The signature of IR"^ is either Lorentzian or Euclidean. IR,^ is the real line labelled by (p, 
and A/" is a compact space. The dilaton varies with cj) as follows: 

$ = -|<^, (1-2) 

where we set a' = 2, so the worldsheet central charge of is c,^ = 1 + 3Q^. The string 
coupling Qs = e* vanishes at the boundary cj) = oo and grows as we move away from it. 

Much of the work on backgrounds of the form ( |1 . 1| ) in recent years focused on solutions 
that preserve spacetime supersymmetry. The main purpose of this paper is to study non- 



super symmetric backgrounds of the form (|1.1| ). We will consider, following 0, solutions 
of the form 

IR^ X IR^ X 5^ X M/T , (1.3) 

where is a CFT with N = 2 worldsheet supersymmetry, and F is a discrete group 
associated with the chiral GSO projection, which acts on 5"^ x Ai. When the radius of 5"^ 



is equal to Q, the background (|1.3|) is spacetime supersymmetric. It was noted in [|T| that 
changing the radius of the provides a natural way of breaking spacetime supersymmetry 
continuously (while evading the no-go theorem of [|2|,|^). We will study the resulting moduli 
space of vacua. For d = and no Ai (the empty theory), this was done in The main 
new issue that needs to be addressed for (i > (or for (i = and non-trivial A4) is the 
stability of the solution along the moduli space. This will be the focus of our discussion. 

There are in fact two kinds of instabilities that can appear in spacetimes of the form 
(prrp, corresponding to the two kinds of physical states in such spacetimes. One kind is 
delta function normalizable states in the bulk of the linear dilaton throat IR^. These states 
are characterized by their cp momentum, p. Their wavefunctions behave like exp^ipcp). The 
other is normalizable states localized deep inside the throat. Their wavefunctions decay at 
large (p like exp(— m(^). 

The two kinds of states have a natural interpretation from the spacetime point of 
view. Backgrounds of the form ( |1 . 1| ) , ( |1.3| ) typically appear in the vicinity of fivebranes 

1 



or singularities in string theory |^-|^ . In these geometries, the delta function normalizable 
states correspond to bulk modes propagating away from the singularity, while the normal- 
izable ones correspond to states localized at the singularity. They are roughly analogous 
to untwisted and twisted states in a non-compact orbifold. When the theory is supersym- 
metric these two kinds of states are non-tachyonic. But when we break supersymmetry 
one or both of them can become tachyonic. We will analyze backgrounds of the form 
( p. ■ 1|) in different dimensions, with a particular focus on the question whether they exhibit 
instabilities of either kind when supersymmetry is broken. 

We will see that the stability properties depend on the dimension d and compact 
manifold M . After discussing some general features in section 2, we turn to examples. In 
section 3 we consider the case d = 4 with = in ( |1.3| ) , which corresponds to the near- 
horizon geometry of the conifold, or equivalently two A^S'5-branes intersecting on an IR"^'^. 
We describe the moduli space of non-supersymmetric vacua, and find that everywhere 
except at the supersymmetric point there is a tachyon in the bulk of the linear dilaton 
throat. 

In sections 4 and 5 we study the case d = 6, with = SU{2)k- From a ten dimensional 
perspective, this is the near-horizon geometry of k parallel A^S'S-branes. The linear dilaton 
slope ( p..2| ) is given by Q = In this case changing R corresponds to adding an exactly 

marginal deformation that breaks the SU{2) l x SU{2)fi symmetry associated with the CHS 
background @. We find that if R is not too far from Q, there are no tachyonic bulk modes. 
The reason for that is that at the supersymmetric point, the bulk modes form a continuum 
above a gap. Thus, to get tachyons in the bulk one needs to move a finite distance away 
from the supersymmetric point. 

Despite the absence of bulk tachyons, these six dimensional non-supersymmetric back- 
grounds are unstable, since for a\\ R ^ Q the system has localized tachyons. These have 
a natural fivebrane interpretation. At the supersymmetric point, there are four fiat direc- 
tions in field space associated with the positions of the fivebranes in the transverse space. 
These directions are fiat since the gravitational attraction of the fivebranes is precisely 
cancelled by their repulsion due to the NS S-field. Away from the supersymmetric point, 
the cancellation between the gravitational attraction and the S-field repulsion is spoiled, 
and the position of the fivebranes in the different directions develops a potential. Two 
of the directions become massive {i.e. fivebranes separated in these directions attract) 
while the other two become tachyonic (corresponding to repulsive interactions between the 
fivebranes). We find the exact worldsheet CFT that corresponds to fivebranes rotating 
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on a circle in the directions in which they attract, and the exact CFT which describes 
them running away to infinity in the directions in which they repel. In the appendix, we 
construct the supergravity solutions associated with these CFT's. 

In section 6 we consider the case d = 2, Ai = ( p. .31) . As in the d = 6 case, there is a 
finite interval around the supersymmetric point where no bulk tachyons appear. However, 
in this case there are no localized tachyons either. Thus, this background is an example 
of a stable, non-supersymmetric deformation of non-critical superstrings. In fact, it is a 



special case of a more general phenomenon. It was pointed out in []10| , pT[| that non-critical 
superstring backgrounds with > 2 are in a different phase than those with < 2. 
While the latter have the property that the high energy spectrum is dominated by non- 
perturbative states (two dimensional black holes) , for the former the high energy spectrum 
is perturbative . Here we find that there is a difference in the infrared behavior as well. 
While for < 2, the lowest lying states for R Q are tachyons that are localized deep 
in the strong coupling region of the throat, for > 2 such tachyons are absent. This 
suggests a kind of UV/IR connection beyond the one familiar in perturbative string theory 

Hi- 

The stable, non-supersymmetric models discussed in section 6 all have a linear dilaton 
slope of order one in string units. In section 7 we consider a three dimensional background, 
which has the form ( p. . 1|) , is stable after supersymmetry breaking, but has the property 
that the slope of the dilaton can be arbitrarily small. This is possible since, as discussed 
in 



1^,0 at the supersymmetric point this model has a finite mass gap. 
Other aspects of instabilities in linear dilaton backgrounds were recently considered 
in IITS 
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Table 1: Stability properties of the different backgrounds considered in the paper. 
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2. Generalities 

The IR^ X 5"^ part of (|1.3| ) is described by two (1, 1) worldslieet superfields, $ and X, 
wliose component form is 

- (2.1) 
^ = (j) + 0^ + 0^ + O0F . 

The linear dilaton in the (p direction, (|1.2|) , implies that the central charge of the two 
superfields ( pT|) is cl = 2 + 2Q^. To form a background of string theory, we add to ( [O] ) 
the worldsheet theory corresponding to IR*^"^'^ and the compact CFT Ai such that the 
total c = 10. The starting point of our discussion is the spacetime supersymmetric theory 
of m. That theory contains the spacetime supercharges 

The notation we use is the following (see for more detail), f is the bosonized super- 
conformal ghost. Sa and 5"^ are spin fields of Spin((i — 1,1). For d = 2,6 they transform 
in the same spinor representation, while for d = 4,8 they are in different representations, 
if is a compact scalar field which bosonizes t/jj;, tj} ( p.l| ). The constant a is related to the 
central charge of the compact CFT Ai in ( |1.3| ), a = \/cmJ^- The field Z bosonizes the 
U{l)ii current in the N = 2 super conformal algebra of A^. A similar set of spacetime 
supercharges arises from the other worldsheet chirality. 

The fact that the supercharges ( |2.2|) carry momentum and winding in the x direction 
means that we should think of x as a compact field. In order for the GSO projection 
to act as a Z2, we must take the radius of x to be Q or 2/(5 (the two are related by 
T-duality). A natural question is whether increasing and decreasing the radius from the 
supersymmetric point are equivalent operations. The two are related by changing the sign 
of the left-moving part of x, and i(jx, while leaving the right-movers intact. In order to 
see how this transformation acts on the non-critical superstring, we need to examine its 
action on the spacetime supercharges (as in [0). In the notation of equation (|2.2|), this 
transformation takes [H, x) — * ~{H, x), and acts on the compact CFT A4 as well, taking 
Z —Z. If Sa and Sa belong to the same spinor representation of Spin((i — 1, 1) (which 
is the case for d = 2, 6), this transformation simply exchanges the two lines of ( |2.2| ), and 
we conclude that the supersymmetric theory is self-dual, so that increasing and decreasing 
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R gives rise to isomorphic theories. Otherwise (for d = 4,8), this transformation maps 
IIA to IIB, which are not isomorphic, hke in the critical string []TB[ (which corresponds to 
d = 8 in our notations). 

A special case of the general construction corresponds to no Ai in ( p..3|) . The resulting 
spacetime is 

R^-^'^ X 5^ X IR^ , (2.3) 



and Q = Y 4 — I . The geometry (^]^) arises in the vicinity of a singularity of the form 

zl + zl + --- + zl+,^0 (2.4) 

of a Calabi-Yau n-fold, with 2n + d = 10 In particular, the d = case discussed in 
corresponds to a singularity of a Calabi-Yau fivefold. It is believed that (|2.3|), ( p.4|) can be 
alternatively interpreted as the near-horizon geometry of an A^S'5-brane wrapped around 
the surface 

zl + zl + ... + zl_, = . (2.5) 



For (i = 6, ( |2.5|) describes two fivebranes located at the point zi = 0. For d = A/it describes 
two fivebranes intersecting along M^'^. For d = 2,0 one has a fivebrane wrapping an Ai 
ALE space and a conifold, respectively. The latter can be described in terms of intersecting 
fivebranes as well, by applying further T-duality in an angular direction of the cone ( |2.5| ) . 

The lowest lying bulk states that propagate in ( J2.3D are closed string tachyons, carrying 
either momentum or winding in the x direction. Their vertex operators have the form 

The mass-shell condition is 



M' = 91-1+pI + x' = 91_i+pI + x\ (2.7) 



where A is the momentum in the (j) direction, (3 = + iX. 

At the supersymmetric point, the GSO projection requires that the left and right mov- 
ing momenta in the x direction satisfy the constraint Qpl,r G 2Z -f 1. For the momentum 
modes, Pl = Pr = and the above constraint implies that n E 2Z + 1. As we change the 
radius, one has Pl = Pr = ^ and ( |2.7|) implies that the lowest momentum tachyon (which 
has n = 1) is non-tachyonic when 



For the winding modes, at the supersymmetric point one has Pl = —PR = and the 
GSO constraint imphes that 

I'wQ'^ e2Z + l, (2.9) 

or 

4Z + 2 , , 

w G -— ^ . (2.10) 

^ 2 

Note that for d = 2 the winding w is in general fractional. In the T-dual picture, where 
the supersymmetric radius is 2/(5 and the roles of momentum and winding are exchanged, 
the winding is always integer and the momentum can be fractional. 

The condition that the tachyon with the lowest winding, w — 2/(4 — |), be non- 
tachyonic takes the form 

> W . (2.11) 



Combining the conditions ( |2.8|) , (|2.11|) we conclude that for d = A the theory contains a 



bulk tachyon for any Q, whereas for (i = 2, 6 there is a finite range in which the bulk 
spectrum is non-tachyonic: 

3 

d = 2: -<R<2, 

In general, the spectrum of the theory in the range (|2.12|) exhibits a finite gap, which goes 
to zero as we approach the endpoints. 

The line of theories labelled by the radius R which is discussed above is expected, 
as in the d = case of 0, to be part of a richer moduli space of theories which can be 
obtained by modding out by discrete symmetries. In the next sections we will study the 
resulting moduli spaces for the different cases, and in particular their stability properties. 

An interesting property of these moduli spaces is that when the radius — > oo, all 
spacetime fermions are lifted to infinite mass, and one finds the non-critical OA and OS 
theories. This is different from the situation in the critical and two dimensional string 
(which correspond in our notations to d = 8 and d = 0, respectively). The reason is that 
in the non-compact case, spacetime fermions do not satisfy level matching. Consider, for 
example, the {NS, -f; i?, ±) sector. All states in this sector satisfy 

Lo-LoG^-^ + Z. (2.13) 



^ It is possible to rescale R such that if € Z. 
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This is consistent with level matching for d = 8 (the critical string) but not for lower 
dimensions. Similarly, in the {NS, — ; i?, ±) sector, one has 

Lo-LoE-^ + Z , (2.14) 
lb 

and one can level match md = (the two dimensional string) , but not in higher dimensions. 
Therefore, for d = 2,4,6 there are no spacetime fermions for infinite radius R, and the 
theory reduces to type 0. 

The bulk modes are described by a free worldsheet theory, and thus can be analyzed 
using the same methods as in the critical superstring. We will follow the notation of 
and denote the closed string sectors by 

(a,F,a,F) . (2.15) 

a is the space-time fermion number; it is in the NS sector and 1 in the R sector. F is the 
world sheet fermion number. In the NS sector, it is in the + sector {e.g. for the graviton) 
and 1 in the — sector {e.g. for the tachyon). In the Ramond sector, its possible values 
depend on the dimension. For d = 4/c, it takes the values and 1, whereas for d — 2 + 4/c, 
it takes the values Both a and F are defined modulo two. 



3. Four dimensional background 

In this section we study string propagation in IR"^'^ x IR^ x S^. The dilaton slope 
( p. . 2| ) in this case is Q = \pl. From a ten dimensional perspective this theory describes the 
decoupling limit of the conifold 0. The mutual locality condition is 

Fx(X2 - F2(x\ - F\OL2 + F20L\ + {a\a2 - aio.'i) + 2{n\W2 + n2W\) E 2Z . (3.1) 

This condition provides a way to see that in the noncompact case (in which Wi = 0), there 
are no physical states in the {NS, R) and {R, NS) sectors. Indeed, vertex operators in 
these sectors are not mutually local with respect to themselves. 

When we compactify, we find the theories depicted in figure 1. Line 1 describes 
the compactification of type string theory on a circle. As i? ^ oo it approaches the 
noncompact OB theory; as i? — one finds the noncompact OA theory. For any value of 
R there are bulk tachyons in the spectrum. 
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Other standard compactifications are the super-aflBne ones, denoted by hnes 2, 3 
in figure 1. Since they do not contain spacetime fermions, these compactifications are 
simple generahzations of the super-affine compactification of critical type string theory 
on H^'^ X S^. For example the spectrum of line 2 is 

(0,0,0,0), (0,1,0,1), neZ, we2Z, 

(1,0,1,0), (1,1,1,1), ne^ + Z, we2Z, 

^ (3.2) 
(1,0,1,1), (1,1,1,0), neZ, w;e2Z+l, 

(0,0,0,1), (0,1,0,0), ne^ + Z, K;e2Z+l. 

When i? — > oo we get OB and when i? — > we get OA that is equivalent to OB with i? — > oo. 
Again the spectrum contains tachyons for any value of R. 

Another way to interpolate between the noncompact OA and OB theories is to twist 
by (— )"+-'^. The resulting theory, denoted by line 4 in figure 1, has the spectrum 

(0,0,0,0), (1,1,1,1), n = m, w^l, m - I e 2Z , 



(1,0,0,0), (0,1,1,1), n=^ + m, w=^ + l, m - I e 2Z , 
(0,0,1,0), (1,1,0,1), n=^+m, w = -^^l, m - I e 2Z 



(3.3) 



(0,1,0,1), (1,0,1,0), n = l + m, w = l, m - I E 2Z . 

When i? — > oo we get OB. When — > we get OB, which is equivalent to OA with i? — > oo. 
Thus this line also interpolates between the noncompact OA and noncompact OB theories. 

1 




SUSY 

Fig. 1: The moduli space of string theories on M^'^ x x S^. Line 1 is the 

usual compactification that connects type OA to type OB. Lines 2 and 3 are the 
super-affine compactifications of OB and OA. The black boxes represent the self- 
dual points along the super-affine lines. The only point at which the theory is 
free of bulk tachyons is the supersymmetric one which is on the line of twisted 
compactification (line 4). 
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Starting with any line in ( |3.3| ) we generate the other hnes by acting with (1, 0, 0, 0) (n = 
|, w = |) and (0, 0, 1, 0)(n = |, if = — |)- For R = Q = these operators are holomor- 
phic and are identified with the supersymmetry generators ( |2.2| ). This is the supersym- 
metric point of [|l|]. As mentioned in section 2, this is the only theory in the moduli space 
depicted in figure 1 which is tachyon free. 

4. Six dimensional backgrounds I: stability analysis 

A particular linear dilaton spacetime of the form is the CHS background 

R^'^ X X SU{2)k , (4.1) 

which describes the near-horizon geometry of k NSb-hranes. The slope of the linear dilaton 
depends on the number of fivebranes via the relation 

<?=/f. (4.2) 

This background can also be written in the form ( |1.3| ), where the compact manifold is 
A^fc = SU{2)k/U{l) (the N = 2 minimal model with c = 3 — |), and the discrete group is 
r = Zfc. This follows from the decomposition of SU{2)k 

SU{2), = (^^^^ X Sl^ /Z, . (4.3) 

For k = 2, the N = 2 minimal model A^2 is empty, and the background (|4.1|) reduces to 

R^'^ X IR^ X . (4.4) 

In the next subsection we study the moduli space corresponding to this case, and then 
move on to general k. 

4.1. Two fivebranes 

In this case, F takes the values, (0, 1) in the NS sector and (— ^, |) in the R sector. It 
is still defined mod 2, however (— )^ belongs to a Z4 rather than a Z2 group. The mutual 
locality condition is 

Fia2 - F2ai - ^1^2 + F2ai - ■^(aia2 - aia2) + 2{niW2 + n2Wi) G 2Z . (4.5) 
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The two noncompact theories are 

OB: (0,0,0,0), (0,1,0,1), (1, ^, 1, J) , (1,-^,1,-^), 
OA: (0,0,0,0), (0,1,0,1), (1,1,1,-1), (1,-1,1,1). 

Upon compactification, we find the theories depicted in figure 2. Lines 1, 2 and 3 are as in 
the previous section since they do not contain spacetime fermions. Two additional hues of 
theories (lines 4, 5) are obtained by starting with the supersymmetric theories of [|1| (either 
IIB or IIA) and varying R. At the supersymmetric point, the spectrum is determined by 
the supercharges, that in the present notation have 

1 11 

1 1 1 f^-^) 

^2 = (0,0, 1,-) , ^=^, ^ = ~2' 

in type IIB, and 

Ci = (1, -,0,0) , n = - , w = - , 

2 ^ \ 2 ^ (4.8) 

^2 = (0,0, 1,--) , n=^, ^^~2' 

in type IIA. One can check that Gi and G2 are mutually local and are holomorphic at 
R = Q = 1. 

All the states in the theory can be obtained by acting li times with Gi and I2 times 
with G2 on (0,0,0,0). We denote these states by [I1J2] = (^i, ■2"? ^2, i^), with a plus 
sign in type IIB and a minus sign in type IIA. a and F are defined modulo two, thus 
< h,h ^ 3. The momentum and winding modes in each of the sixteen sectors are 
determined by the mutual locality of [Zi, I2] with respect to Gi and G2. From (^4.5| ) we get 

neZ+hh + h), w e2Z+hh-l2) , n + ^G2Z + ^. (4.9) 

The tachyon field, for example, is in the [2, 2] = (0, 1, 0, 1) sector. Thus the allowed winding 
and momentum modes for the tachyon satisfy 

n, ^gZ, n + ^G2Z + l. (4.10) 

The lowest momentum mode has n = 1, while the lowest winding mode has = 2, in 
agreement with the discussion of section 2. 
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Since the spectrum is presented above in terms of n and w (as opposed to pl and pn), 
it is simple to generalize the discussion to arbitrary radius. Away from the supersymmetric 
point Gi and G2 are no longer holomorphic; hence, SUSY is broken. As explained in section 
2, the theory is tachyon free for 

(4.11) 



3 ^2 4 
- <R^ < - 

4 - - 3 



The supersymmetric point, = 1, is in this range. As explained in section 2, it is self-dual; 



it is clear from (|4.1|) , that at this point there is an enhanced SU{2)l x SU{2)ji symmetry. 
As -R — s> 0, 00 we find the noncompact OB, OA theories. 





IIA 

Fig. 2: The moduli space of string theory in IR^'^ x IR,^ x . Lines 1,2 and 3 are 
as in figure 1. The black boxes represent the self-dual points along the super-affine 
lines. The thick lines are the regions that are free of bulk tachyons. 



4-2. k fivebranes 

In this subsection we discuss the CHS background ( |4.1|) in the presence of the 
supersymmetry breaking deformation 



A / d^zJsJs 



(4.12) 



where J3, J3 are particular Cartan subalgebra generators of SU{2)l and SU(2)b^. Such a 
deformation has been investigated by many authors including [1T8| - |2T[| . Using the decompo- 
sition ( [4.3|) , this corresponds to changing the radius of the away from its original value. 
From the spacetime point of view, this deformation squashes the three-sphere transverse 
to the fivebranes, and breaks the SO [A) symmetry of rotations around the fivebranes down 
to SO{2) X SO{2). 
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The lightest modes in the background ( ^4.1| ) are gravitons, whose vertex operators are 
given, in the (—1,-1) picture, byi 

+ ■ (4-13) 

The dimension of these operators is 

A=i + ^, (4.14) 
where j = 0, |, 1, ■ ■ ■ , I — 1. From the point of view of the decomposition ( ^?3| ) we can 

^(2) 
^(1) 



think of (|4.14|) as being a sum of two contributions. One comes from the ^77^ part and 



is equal to 

SU(2) 1 j(j ^l) 

^ = - + ^-^ ^ , m = -j - 1, -j, -j + 1, . . . , j + 1 , (4.15) 

with a similar formula for the right-movers. The second contribution to the dimension 
comes from the U{1) part and is equal to 

A^(i) = ^ , (4.16) 
k 

again with a similar formula for the right- movers. The U{1) part of the dimension comes 
from momentum and winding on a circle. Thus, we have 

A^(^) = , A^(^) = , (4.17) 

with 

n wR n wR 

PL = ^ + — , PR = ^-—- (4.18) 

Working in conventions where the winding number is an integer, we have 

m + m (4.19) 
w —m — fh . 



^ To simplify the equations we have omitted the contribution of M^'^ x IR^ to these vertex 
operators. 
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Note that while the winding number is an integer, the momentum can be fractional, n G 
Z/k due to the orbifold in ([4.3| ). States that carry non-trivial Zfc charge in have 
fractional momentum n (|4.19| ). 

Now we change the radius from the supersymmetric point -Rsusy = Q = to some 
other value, R. We would like to find the values of R for which the theory is tachyon free. 
As we vary R, the operators (|4.13|) retain the property that Lq = Lq, so it is sufficient to 



focus on, say, the left moving part. The dimension of the operator ( [4.13|) for generic R is 
given by (omitting the | in ( [4.15|) ): 

"'^r^^ n^'- (4.20) 
Adding the Liouville contribution, we have 

k 2^^ 2^ 2' ^ ' 

The delta- function normalizable states in the cigar have (3 = + ip^ so the last term in 
( [4.21|) is positive. If the expression ( |4.21|) is positive, the relevant state is massive, while if 
it is negative, it is tachyonic. 

We see immediately that for all |m| < j, the states in the throat are never tachyonic. 
The only way to get tachyons for any radius R is to consider the case \m\ = \rfi\ = j + 1, 
i.e. m = rh = j + 1, or m = —rfi = j + 1. The two are related by T duality, so it is enough 
to analyze the first, which corresponds to pure momentum modes, with Pl = Pr = ^^f^^- 
The condition for this momentum mode to be non-tachyonic is 

^l±il^^.lA>0 ,4.2.) 

or 

k j + l 

Thus J = is the first state that becomes tachyonic. This happens at i?^ = z.e. | 
times the original radius at the supersymmetric point. Repeating the analysis for winding 
modes we conclude that the theory is (bulk) tachyon free for 

4- < < 4- : (4-24) 
2k - - 3k ' ^ ^ 

in agreement with the result we got for k = 2, ( [4.11|) . 
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4-3. Localized instabilities 

In the previous subsections we saw that in the six dimensional case, there is a finite 
range of radii, for which the bulk theory in the fivebrane throat is non-tachyonic (in fact, 
it exhibits a finite mass gap). This is different from the four dimensional case, where the 
gap vanishes, and bulk tachyons appear immediately as we change the radius. We note 
in passing that in other four dimensional linear dilaton backgrounds, where the manifold 
Ai in (|1.3| ) is non-trivial, the gap is finite as well, and the situation is similar to the six 
dimensional examples. 

In theories with a finite gap in the bulk spectrum, there are no bulk instabilities even 
when we break supersymmetry (sufficiently mildly). A natural question, which we will 
address in this subsection, is whether such theories have localized instabilities. 

In the six dimensional system ( [4.1|) we understand the low energy dynamics in terms 
of the theory on A^S'5-branes. Consider, for example, the type IIB case.il At the supersym- 
metric point, the low energy theory on the fivebranes is a six dimensional super Yang-Mills 
theory with sixteen supercharges, and gauge group SU{k) (for k fivebranes). This theory 
has a moduli space parameterized by the locations of the fivebranes in the transverse IR'^. 
Denoting the positions of the fivebranes in the four transverse directions by the k x k 
matrices 

A — xq + ixj , B = xg + ixQ , (4-25) 

one can parameterize points in the moduli space of separated fivebranes by the expectation 
values of gauge invariant operators such as TrA", TrS"^, etc. 

In the supersymmetric theory, it is well understood ||7|, p2| , |23[] how to describe separated 



fivebranes in the geometry ( [4.1| ) . For example, if the fivebrane configuration has a non-zero 
expectation value of Tri?-^-'"'"^, the worldsheet theory should be deformed by the operator 

g-'^-^^+^+y^..^.^.e-QO+i)<^ _ (426) 

This operator corresponds to a wavefunction that is supported in the strong coupling region 
of the linear dilaton space IR^. It is an example of a localized state in the throat. This is 
in agreement with the spacetime picture, according to which it describes a scalar living on 
the fivebranes. 



A similar discussion holds for IIA fivebranes. 
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A particularly symmetric deformation of the kind ( [4.26|) that has been extensively 
studied corresponds to placing the fivebranes on a circle of size ro in the B plane 



Bi=roe—, Ai = 0, / = 1, 2, . (4.27) 



In the bulk, this is described by condensation of the mode (|4.26|) with j = ^ — 1. It is 



useful to write this operator in the decomposition ( [4.3|) . By looking at equation ( [4.15|) , 
and using the fact that it has m = j ' + 1 = I , we see that from the point of view of ^Tpy- 
it is proportional to the identity operator. In fact, it is the N — 2 Liouville superpotential 

Vr = e^^^-^'^, (4.28) 



where R = Q is the radius at the supersymmetric point (|4.19|) . As is well known, the 
N = 2 Liouville operator is truly marginal, and signals the change from IRfj, x to the 
cigar (here we are describing it in terms of the T-dual variables, so the N=2 Liouville 
perturbation is a momentum mode). Note that we are not assuming here that the string 
coupling is weak everywhere. It could be that the string coupling at the tip of the cigar is 
very large, but we are studying the weakly coupled region where it is small. 

Now suppose we change the radius R from its original value ([4.19| ). There are two 
different cases to discuss. If we make R smaller, the operator ( [4.28| ), which had dimension 
one before, will have dimension larger than one. This means that it is massive, and we 
have to dress ( [4.28| ) with a time-dependent part, like cos{Et) with a real energy E. This 
means that (TvB^), and the size of the circle on which the fivebranes are placed, tq ( ^.27| ), 
will oscillate between two extreme values. 

On the other hand, if we increase the radius R, the dimension of ( |4.28| ) drops below 
one, it becomes tachyonic, and to make it physical we have to dress it with, e.g., cosh.{Et) 
with a real E. This means that ro increases without bound (in this approximation) as 
\t\ oo. In the next section we explore in details these dynamical processes using various 
techniques. 



5. Six dimensional backgrounds II: Time dependence, field theory and gravity 

In this section we further discuss the deformed A^S'5-brane background with broken 
supersymmetry obtained by applying the perturbation ( [4.12|) . In the first subsection we 
construct time-dependent solutions that correspond to rolling fivebranes. In the second 
subsection we comment on the description of the deformed fivebrane system using the low 
energy field theory and supergravity. The latter is valid at large k. 
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5.1. Rolling fivebranes 

At the end of the last section we briefly mentioned the time-dependent solutions 
obtained by displacing the flvebranes from the origin of the moduli space A = B = ( |4.25| ) 



in the presence of the supersymmetry breaking deformation (|4.12| ) . We only discussed what 
happens to leading order in the separation of the flvebranes (|4.28| ), since we only imposed 
the leading order condition that the dressed perturbation be marginal. In general, one 
expects the solution to receive corrections, and for the solutions mentioned in the previous 
section we expect these to be large. The reason is that these solutions correspond to 
accelerating flvebranes, and are expected to radiate. Since the tension of the A^S'5-branes 
scales like l/(7s, the closed strings radiation (that goes like GnT^) is an order one effect 
that influences the solution in a non-trivial way at tree level.@ 

Nevertheless, it is possible to flnd exact solutions of the classical string equations of 
motion that correspond to rolling flvebranes. Consider flrst the case of decreasing the 
radius R, such that the N = 2 Liouville operator ( [4.28|) becomes irrelevant (or massive). 
In that case, we can make it marginal by replacing (|4.28|) with 

W = e^'^+*^«*"*'^ . (5.1) 

The mass-shell condition requires that 



1 1 
R^~Q^' 



We can deflne a coordinate Xnew by 



11 , , 

-pzXnew = —X + UrI . (5.3) 
V it 

The condition ( ^.2|) implies that Xnew is canonically normalized (when x and t are). In 
terms of this new fleld, the perturbation separating the flvebranes (|5.1|) looks precisely like 
the N = 2 Liouville perturbation again. Thus, we conclude that ( |5.1J ) is a truly marginal 
deformation. It describes the flvebranes placed on the slope of the quadratic potential and 
rotating around the circle with angular velocity (see flgure 3a). The existence of an 
exact CFT description implies that there should also be a supergravity solution associated 
with that system. This solution is described in the appendix. 



This is different from the well studied case of unstable D-branes with a rolling tachyon 
There, the closed strings radiation is an order Qs effect p5| , p6| , and so can be neglected (at least 
formally) in the leading approximation. 
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(a) (b) 

Fig. 3: Time dependent processes which have exact CFT descriptions: (a) Five- 
branes rotating around a circle with a constant angular velocity; (b) Fivebranes 
moving radially with a constant radial velocity. 

The orthogonal combination of (t, x) is timelike, 
The original periodicity of x, x ^ x + 2nR translates in terms of the new coordinates to: 

(tnew, Xnevj) ~ (^new, a^new) + 27tQ{urR, 1) . (5.5) 

One can describe the solution of fivebranes rotating around the circle by a coset CFT. The 
supersymmetric solution corresponding to fivebranes on a circle can be thought of as 

R^'^ X 5L(2,lR)fc X ^C/(2)fc (5.6) 

modded out by the null U{1) symmetry generated by the current 

J = J3-Ks, (5.7) 

where J3 and K3 are the Cartan subalgebra generators of SL{2) and SU{2) respectively. 
In order to go from this solution to the one described by (|5.1|) , we need to mix the U{1) 
current with the timelike U{1), idt. Ignoring the periodicity conditions, this is simply 
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a boost transformation. Thus, in terms of the coset description (|5.6|) , (|5.7| ), we want to 
gauge the current 

J,-P,Ks-'-^dt, (5.8) 

where the boost parameters (3i satisfy /3| = 1. This provides an exact CFT description 
of the system of fivebranes rotating around the circle. 

Naively, one might expect that as the fivebranes are rotating around the circle they 
should radiate, and the solution should be modified, already at tree level. This seems in 
contradiction to the fact that we found an exact solution of the full equations of motion of 
classical closed string theory. The resolution of this puzzle is that in the near- horizon limit, 
the solution with fivebranes rotating around the circle corresponds to motion with constant 
velocity, and not constant acceleration (since the near-horizon metric for the angular 
is dQ^ and not r^(iO^). Thus, it does not radiate. 

This should be contrasted with the case where we place the fivebranes at some distance 
from the origin and let them go. In this case, one expects the system to oscillate about the 



minimum, with tq ~ cosujRt. This amounts to replacing ex.'p{iujjit) in (|5.1| ) with cos{ujRt). 
Prom the spacetime point of view, we expect non-zero radiation in this case, since this 
solution corresponds to a time dependence of (p of the form (p ~ logcosoj^^i. Thus, there 
is in this case non-zero acceleration, and we expect the solution to be modified at the 
tree level. This is natural from the worldsheet point of view. If we replace exp{iuJiit) 
by cos(a;ijt) in (|5.1|) , the operator ( |5J] ) ceases to be holomorphic, and one expects it 
to become marginally relevant (like the marginal Sine-Gordon and non-Abelian Thirring 
model couplings). Presumably, this behavior of the worldsheet theory is directly related 
to the classical radiation that one expects in spacetime. 

Por the other case, of increasing! radius i?, for which wr is imaginary, the operator 
( [4.28|) is relevant, and we expect to have to dress it with a real exponential in time. Thus, 



instead of ( ^.1| ) we now have 

^_gi-+-Ht-^<^ ^ (5.9) 



and Wr is given by (similarly to (|5.2|) ) 

1 1 



-1=^-^. (5.10) 



^ T-duality relates increasing R to decreasing R, while exchanging momentum and winding 
modes. Therefore, instead of increasing R we can continue to decrease it and study other classical 
solutions. 
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We would like again to make an = 2 Liouville perturbation out of ( |5.9|) , so we define a 
new Liouville coordinate (^new by 

^(t>new = ^(t> - WRt . (5.11) 
K 

Again, due to ( ^.lOP , (j)new is canonically normalized. Now, in terms of (f)new and x we 
again have an = 2 Liouville theory, so this is an exact solution of the equations of 
motion of the theory, corresponding to fivebranes approaching the origin of the B plane 
as t —>■ —oo, and moving out to infinity at t —>■ +oo (see figure 3b). This is an analog 
of the "half-brane" from unstable D-brane dynamics. Note that, as in the discussion of 
fivebranes rotating around a circle, during the time evolution no radiation is emitted, since 
the fivebranes are moving with constant velocity in the (p direction. The relevant "rolling 
fivebrane" supergravity solution is constructed in the appendix. 

One thing that is different in this case relative to the previous one is that since we 
are mixing the time coordinate with to make the cigar, the remaining combination of (j) 
and t, 

which does not participate in the cigar and is timelike, has a linear dilaton associated with 
it. More precisely, one finds, 

Q^ncw=^, Qu..^=QRcoR. (5.13) 

This signals the fact that at early times (t, t^ew ~^ ~oo), when the fivebranes are on top of 
each other, we have a strong coupling problem, despite the fact that we have constructed 
a cigar which avoids the strong coupling problem in the direction (^new. 

Again, one can describe the time-dependent background ( ^.9|) by an exact coset CFT. 
As we see from ( |5.11| ), ( |5.12| ), in this case we need to perform a boost mixing (p and t, or 
J3 and dt. One can describe this background as ( |5.6|) modded out by the null current 

J3 + - /?2i^3 , (5.14) 

with (3f + (3^ = 1. 

The solution describing fivebranes running to infinity as a function of time is an 
example of localized tachyon condensation. In our case we are able to find an exact CFT 
that describes this time-dependent process, and smoothing out of the singularity, while in 
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the case of non-supersymmetric orbifolds no exact time-dependent solutions of this 
sort were found. The reason for the difference is that we took the near- horizon hmit of 
a throat, in which, as we have seen, the smoothing out of the singularity proceeds via a 
process in which no radiation is emitted, whereas the analysis of [|2^, takes place in the 
full geometry where one expects the solution to be much more complicated and to involve 
non-trivial radiation effects! 

A related point is that here we wrote an exact solution which is an analog of a half 



S-brane [|2^,^ for decaying D-branes. There should exist a more complicated solution 
where the distance between the fivebranes starts at t ^ — oo very large, decreases to a 
minimal value, and then increases back to infinity. This solution would be an analog of 
the full S-brane. In this case the cf) coordinate accelerates near the turning point, and one 
expects non-trivial radiation effects at tree level. 

5.2. Dual field theory and supergravity 



In this subsection we consider the deformation ( [4.12|) from the point of view of the 



dual field theory and supergravity descriptions. We focus on the type IIB case. In this case 
the dual field theory is a six dimensional SYM theory with sixteen superchrages and an 
SU{k) gauge group. This field theory is infrared free and is believed to resolve the strong 
coupling singularity associated with the CHS background p. Since the wave function of 
( [4.26| ) is concentrated in the strong coupling region, one can study the relevant dynamics 
using the dual field theory description. 

The relationship between the bulk modes in the CHS background and chiral field 
theory operators was described in . The vertex operators ( [4.13| ) correspond to symmetric, 
traceless combinations of the four scalars ( |4.25 ). In particular, the deformation ( [4.12| ) is 
dual to a mass term for the scalars 

aTr(A*A-B*B) . (5.15) 

Thus, with the deformation two of the four fiat directions become massive, while the 
other two become tachyonic. This fits nicely with the results of the previous subsection. 
The relation between a and R is the following. Normalizing the field B such that the 
Lagrangian takes the form 

£ = -f , (5.16) 



The relation between localized tachyons on non-supersymmetric orbifolds and throat theories 



was discussed in ||2q] . 
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and comparing the solution of the equation of motion B = T-Qe^*^* to ( |5.1|) , we find that 

«=^-^- (5.17) 

Another way to study the dynamics is to use the supergravity description, which 
is accurate for large k. First we have to find the deformation of the CHS background 
associated with ( [4.12| ). In the appendix we describe the relevant solution from the coset 
point of view. Here we describe this solution directly in the CHS language. 

The starting point is the CHS background associated with k A^S'5-branes 0, 

ds'^ = dxf, + d(j)^ + 2k idO'^ + sin^ ed(t)l + cos^ ^#^) , 

" (5.18) 
B = k{l + cos{2e))d(j)i A d(j)2 , g1 = exp{- ^/2/k(p) , 

where < ^ < n/2, < (pi, (p2 < 2n. The transverse coordinates ( |4.25 ) are given by 



A = V2k exp{(j)^/l/2k) sin(0)exp(z(^i) , B = V2k exp{(j)^/l/2k) cos{e)exp{i(j)2) ■ (5.19) 

This relation can be derived by comparing the field theory and the supergravity expressions 
for the energy of a BPS Dl-brane (or of a fundamental string in the near-horizon geometry 
of k L>5-branes). 

To find the solution associated with the perturbation ( [4.12| ) we recall that this defor- 
mation can be viewed [pO| , p!8| , |3T[] as an S'L(2,1R) transformation of the usual CHS back- 
ground. The relevant S'L(2,1R) transformation is 

r - r' = , (5.20) 

1 -f ar 

where r is the Kahler parameter, r = B12 + = 2k cos(6')e*^. A short calculation yields 

ds^ = dxl + dcp'^ + 2k ( dO'^ + 97T(tan2 ^^^2 ^ ^^2^ 

II V {1 + kay + tan^e 

2k{l + ka) ,^ ,^ 2 -6./27k 1 + tan^ ^ 

This solution is not quite what we are after since it has a conical singularity at ^ = 0. This 
can be fixed by rescaling (pi ^^1/(1 + ka), which yields 

ds^ = dxf, + d(P^ + 2k (de^ + — — - — ^(L^ tan^ ed(pj + d(pl) 

II V L2+tan^6' , ^^^2) 
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where L = 1 + ak. The curvature in string units is small as long as /c ^ 1 and L — 1 ^ 1. 

We wish to show that this background indeed exhibits the same physics as ( |5.15|) . 
Namely, it has two massive directions and two tachyonic ones. To this end we calculate 
the potential felt by a probe fivebrane that is localized in (p and on the sphere. This 
potential is the strong coupling dual of (|5.15|) . In general such a calculation need not yield 
the same result. However, since for |a| <C 1 we are in the near BPS limit we expect to find 
the same potential to leading order in a. 

To see that this is indeed the case, consider the DBI action of a probe Db-hrane 
propagating in the S-dual background. 



dxl + d(h^ + 2k d9^ + 



1 



L2 + tan^ e 



2 ^(L^tan^ ed(f)l + d(l)l] 



-4A;L2tan(^)(l +tan2 6) 
(L2 +tan2 6')2 



d(pi A d(j)2 A d6 



9l 



'2/k 



L2 + tan2 e 



(5.23) 



The six-form potential that couples to the il>5-brane probe is A\ 
potential reads 



y = 9s ^v^- ^11 = e 



4>j2/k 



L2 + tan2 6 



l + tan2 6' 

Le'^VVfc and the DBI 
(5.24) 



1 + tan^ e 

Using (|5.19| ) we can express this potential in terms of the field theory variables. For small 
deformation, a <^ 1, we find, 

V = a{A*A-B*B) , (5.25) 



in agreement with (|5.15D . 



6. Two dimensional background 

In this section we study superstrings on M^'^ x IR,^ x 5"^, with Q = -\/3. The analysis 
here is fairly similar to the one in section 4.1. Like in the six dimensional case, F takes the 
values (0, 1) in the NS sector and (— |, \) in the R sector. The mutual locality condition 
is slightly different than in the six dimensional case 

Fia2 - -^2"! - Att2 + F2ai + ^(aia2 - aitt2) + 2{niW2 + n2Wi) G 2Z . (6.1) 

The moduli space is very similar to that of figure 2. The type and super-affine lines 1, 2, 3 
are as there. As in the six dimensional case, there are two additional lines of theories that 
are obtained by starting with the supersymmetric theories (either IIA or IIB) and varying 
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R. These theories can be analyzed using the same approach as in section 4.1. Now the 
super symmetry generators are 

1 3 1 

1 3 1 (^-2) 

6*2 = (0,0, 1,-) , ^=^, ^^~2' 



in type IIB, and 



1 3 1 

= (1' o'O'O) ' ^ = 7 ' = 7 ' 

1 3 1 ^^-^^ 

^2 = (0,0, 1,--) , ri=-, w = --, 



in type IIA. With the help of (^]T|) ^^'^ that the winding and momentum modes in the 
[hjh] sector satisfy 

1 13 1 

n eZ- -{h + h) , 3w; G 2Z+ -(/2 -/i) , n+-we2Z--li. (6.4) 

For the tachyon modes (in the [2,2] sector), we find, in agreement with section 2, that 
the lowest momentum is one, and the lowest winding is |. As explained in section 2 this 
implies that the theory is free of bulk tachyons for | < < 2. The supersymmetric radius, 
R = -\/3, is self-dual under T-duality. However, here, unlike the six dimensional case, the 
symmetry is not enhanced to SU (2) l x SU {2)r at this point. Again, these lines interpolate 
between OB (OA) and OB (OA). 

While the physics in the bulk of the linear dilaton throat is quite similar to the six 
dimensional case, the localized dynamics is different. In the six dimensional case, there 
was an instability due to localized tachyons such as the N = 2 Liouville mode ( |4.28[ ) , which 
was massless for R = Q and became tachyonic when R^ Q. This deformation exists also 
in the two dimensional case. However since now Q > \f2^ this mode is non-normalizable 
(for recent discussions, see [ PI7| , P!T| ), and hence it cannot dynamically condense. In fact, in 
this case there are no normalizable localized tachyons, so the non-supersymmetric model 
is locally stable. 



7. Three dimensional backgrounds 

The theories we considered in the previous sections have the property that the N = 2 
Liouville operator ( |4.28| ) is in the spectrum. Since this mode is tachyonic for R ^ Q, 
Q < -\/2, one might be tempted to conclude that there are no stable non-supersymmetric 
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deformations of linear dilaton backgrounds with a small dilaton slope. This conclusion is 
incorrect. 

A counter example is the background 



1R2,i X X SU{2)k, X SU{2)k, , (7.1) 

with 



We will see that a small non-supersymmetric deformation of the form ([4.12| ), acting on 



either of the two 5't/(2)'s in (fTl] ), does not lead to instabilities in this case. 

The background (|7.1|) is the near-horizon geometry of the intersection of ki coincident 
A^S'5-branes stretched in the directions (012345) and /c2 coincident A^S'5-branes stretched in 



(016789) (see [13| for a recent discussion). This brane configuration is Poincare invariant in 
1 + 1 dimensions, but the near- horizon geometry (|7.1|) exhibits a higher Poincare symmetry, 
in 2 + 1 dimensions |]l^ . 



In section 4 we considered the system of k parallel NSb-hranes and argued in three 
different ways for instability when ( |4.12| ) is turned on. For the background ( [7.1| ) all these 



arguments indicate that the system is stable. 

(1) From the worldsheet point of view the instability was due to the fact that the N = 2 
Liouville mode became tachyonic when we changed the radius. Now, however, this 
mode is not in the spectrum |T^. This is possible because this theory is not of the 



form (|TJ). 

The dual field theory argument for the instability was that some of the flat directions 
at R = -Rsusy became tachyonic when R ^ Rsusy The fleld theory dual to ( |7.1|) , 
however, has a mass gap |jl^,|l4|. Hence a small deformation of the parameters cannot 
lead to a tachyonic mode. The flat directions in the case of k parallel A^5'5-branes 
were associated with moving the branes in the transverse directions. In our case 
these deformations are massive, since each stack of flvebranes is wrapped around a 
three-sphere (see Jl^ for a more extensive discussion). 



(3) A complementary argument for instability came from the probe flvebrane dynamics 
(see section 5.2). Is it possible that a probe flvebrane in the background ( |7.1D that 
respects three dimensional Poincare invariance has a flat direction and can become 
unstable away from the supersymmetric point? To verify that this is not the case let us 
calculate the potential experienced by such a probe flvebrane. Again it is convenient 
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to work with S-dual variables and study the DBI action for a probe L)5-brane. The 
S-dual metric and dilaton take the form 



9s 



-dxl + dxl + dxl + d(j? + 2kid9.l + 2k2dVtl 



9l 



(7.3) 



and the RR-fields are 



Fa = 2/ci sin(2^)#i A rf(/)2 ^de + 2/c2 sin(2^)c^(/)i A #2 A dO . 



(7.4) 



To compute the DBI action of a probe Z)5-brane we need the dual field strength 



F-j — -kFs 



2e' 



ki sin{2e){k2/kif/^dx\\ A # A ciO+ 
+A;2sin(2^)(/ci//c2)^/^rfx|| A d(p A dQ 



(7.5) 



from which we find the six-form that couples to the D5-brane 

Aq = 2e^ 



^{k2/kif'^ sin(26»)rfx|| A ciO + ^{ki/k2f/'^ sin(26')rfx|| A 



• (7.6) 



Thus the potential felt by a probe L>5-brane stretched along (xq, xi, X2, S^) and local- 
ized at some is attractive 



/e9 



ki -I- /C2 



(7.7) 



The analog of ( |5.19| ) for this case implies that the scalar fields are proportional to 
exp((5(/)/2). Thus ( |7.7|) takes the form of a mass term for the scalars. This is in 
agreement with the field theory analysis of that leads to a mass gap in the dual 
field theory. 
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Appendix A. Time dependent supergravity solutions 

In section 5 we argued that there are exact CFT's, (|5.1|) and (|5.9|) , that describe 
certain time dependent iV5'5-brane configurations. The aim of this appendix is to construct 
the supergravity solutions associated with these CFT's. Both ( p7l| ) and (|5.9| ) are exactly 
marginal deformations of the coset (^S^ x ^^^j^^ j^k- When thinking about the relevant 
supergravity solutions it is more natural to use the SU{2)k description. Therefore, we first 
review the details of the transformation that takes the SU{2)k to (^Sl x ^^^y^ f^k- We 
start on the SU{2)k side (in this appendix we set a' = 1) 

ds^ = k {de^ + sin^ Odcpj + cos^ ed(j)l) , B12 = k cos^ 9 , (A.l) 

where < 9 < n/2, < (pi, (p2 ^ 27r. The complex and Kahler structures associated with 
this background are 

r = — = itan9 , Tk = B12 + i^/g = k cos 9e'^ . (A.2) 

922 922 

To transform to the ^5"^ x ^j^^^ /^fc description we first apply T-duality in the (j)2 
direction. This amounts to r ^ (for a review see |^2|) so we find the T-dual background 
to be 

ds"^ = k{d9^ + #?) + 2d(t)id(t)2 + , \^ #2 , S12 = . (A.3) 

k cos^ 9 

Defining new coordinates 

(^1 = (^1 + (j)2/k , (i)2 = (p2/k , (A.4) 

we find 

ds^ = k (d9'^ + d^l + tan^ 9d^l) . (A.5) 

Note that now we have a identification, (^1, ^2) ~ {(f>i + 27r//c, (/)2 + 27r//c), that implies 
that the background is indeed {^S], x ^jf^^^ l^k- As usual the dilaton picks an extra 
factor from the T-duality transformation fi's(det(7j^ew/det(7oid)^^^, so we have 

(A.6) 



cos 9 



Now we shall deform the ^5"^ x ^^xj^f^ ^^^^ various ways and see what these 
deformations give on the SU{2)k side. 
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'1) The supersymmetry breaking deformation (|4.12| ) corresponds to changing the radius 
of the Si from y/k to Ly/k. The resulting metric on the squashed sphere is 

ds^ = k( de^ + L^d^l + tan^ ed^i) , gs = • (A.7) 

V / cos U 

The change of coordinates ( |A.4|) leads to 

ds' = k (d9^ + L'dcPl + '^dct>idct>2 + ^^^Ir^^ d^l) ■ (A-8) 
Applying T-duality in the 4>2 direction we get 



ds=k \ de^ + — ot:#T + 



L2 + tan2^"^i L^ + tan^^^^ 
kL'^ 2 l + tan^^ 



(A.9) 



L2 + tan2 6 ' + tan^ 6 ' 



This agrees with the SU{2) contribution to (|5.22 



1^2) Another useful background is obtained by adding a direction, p, and combining it 
with (pi to form a cigar ( '^^[i]'' ^ '^[/(i)'' ) Z^'^- This does not change the asymptotic 



radius of the 5"^, so at large p the background is SU{2)k x IR. The metric is 

(fs2 ^ (^q2 ^ ^^^2 Q^^2 ^ ,2 ^ ^^^j^2 ,^2^ ^ ^ ^ (A. 10) 

V / cos pcoshp 

where (^i,(/>2) ~ + 27r//c,^2 + 27r//c). Now we wish to find the effect of this 
deformation in the SU{2) variables. Using ( |A.4|) we get 



ds^ = k {de^ + dp^ + tanh^ pdcpl) +2 tanh^ pd^id^2 + ^(tan^ 6'+tanh^ p)d4>l . (A.ll) 

Applying T-duality we get 

,2 7 7/>2 7 2 tan^^tanh^p ,,0 1 7 ,2 \ 

ds^ = k{ d6^ + dp^ + k-d(j)j + ^#2. 

V tan^ 9 + tanh p tan^ 9 + tanh p J 

2 (A.izJ 
„ fctanh p 9 1 

B = . 9 . . . , 2 ^ 9 - 



tan 9 + tanh p cos^ 9 cosh p(tan 6* + tanh p) 

When p — 00 we get back the CHS solution. The full solution corresponds to a ring 
of fivebranes in the B plane. A simple way to see this is to note that the dilaton 
diverges at 6* = p = 0, which is indeed a point in the B plane (see eq. ( |5.19|) ). 
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(3) Combining the backgrounds (1) and (2) leads to (^—^^^ x ^jjii)'' ) Z^*^' The asymp- 
totic radius is and we also have a cigar. This is the supergravity description of 
the deformed fivebranes theory perturbed by (p.9|). The spacetime fields take the form 



ds"^ = k (L^idp^ + tanh^ p#?) + dO'^ + tan^ ed(i)i\ , gs = 7^ — , (A.13) 

V / cose' coshp 

with the usual identifications ((/>i,<;^2) ~ ('^^'i + '^T^/k,(j)2 + 2Tx/k). Following the 
steps above, we first use ( |A.4| ) to find 

ds"^ = kde'^+L'^kdp'^+L'^ktanh^ pd(pl + ^{L'^ tanh^ p+tan^ e)d(pl+2L'^ tanh^ prf(^i#2- 

(A.14) 

Applying T- duality we get 

,2 , f 7^2 1-2 1 2 tan^ 6* tanh^ p ,,2 1 ..oA 

ds^ = k[ dO^ + L^dp^ + — 2 + — 2 , 

V L2 tanh^ p + tan^ ^ L2 tanh^ p + tan^ ^ / 

tanh^ P 2 1 

= -7^. — 72 — — T7-> 9s ^ 



tanh^ p + tan^ 9 ' cos^ ^cosh^p(L2 tanh^ p + tan^ ^) 

(A.15) 

Now we can write down the supergravity solution that corresponds to the deformation 



; I jz)2 , i^^tan2 6'tanh^((/)new/^v^) ,,2 , 
k \ dO -\ K := :^d(p-, + 



B = 



9l 



L2tanh2(0„ew/i^v^) +tan2^ ^ L2 tanh2((/)„ew/i^v^) + tan^ ^ 
L^/c tanh^ {(p^ew / Ly/k) 



L2 tanh^((/)new/i^VA;) + tan^ 6 ' 

1 



cos2 6'cosh^ {(pnew / Ly/k) (L2 tanh^ / L\/k) + tan^ 6')exp(2atnew) 

(A.16) 

where 

a^ = ^(^-l) (A.17) 

and L < 1. A simple way to find the relation between inew^^new and the original 
coordinates t, (j) is to note that asymptotically the background is not deformed. This 
gives 

4> = -^^new + Vkatnew , t = — tnew + V^tt^new , (A. 18) 

in agreement with ( |5.11| ). 

28 



To verify that this solution indeed describes a ring of A^S'5-branes which run away to 
infinity we note that the dilaton diverges when 9 = (pnew = 0. In terms of the original 
coordinates, the trajectory of the fivebranes is 

i-L^t. (A.19) 

(4) Now we wish to find the supergravity solution that corresponds to For this we 

have to proceed in a slightly different way. At large p the metric takes the form 

ds^ = kdp'^ + dx^ -dt^ + ... (A.20) 

where x ~ x + 2tcR and R = L^/k with L < 1. Clearly we can define a new coordinates 
system obtained by a boost 

•^new ~ Cx -\- St , ^new ~ Ct -\- Sx , C >S = 1 (A. 21) 

so that the metric at infinity takes the form 

ds^ = kdp^ + dxl^^ - dtl^^ H . (A.22) 

Now we can deform ( |A.22| ) to obtain a cigar like geometry 

ds^ — kdp^ + tanh^ p dx\^^ — dt\^^ + ... (A. 23) 

Since x is periodic this cannot be done for any boost parameter, C. To avoid a conical 
singularity we must impose 

^ A . . (A.24) 

This condition is equivalent by T-duality to (|5.3| ). Writing (|A.23|) using t and = 
x/Rwe get 

ds^ =dxl + k{dp^ + de'^ + tan^ Qd^l) + #?(/c tanh^ p - S'^R^) 

(A 25) 

- dt^{C'^ - tanh^ pS'^) + 2#irftC^i?(tanh^ P - 1) ■ 

Now we can follow the same steps as above. First we change coordinate from cj)i to 
(pi. This gives (with the help of ( [Al2^ )) 

ds^ =rfxf| + k{dp^ + de"^) + A;(tanh^ p - e)d(t)\ - -^(1 - etanh^ p)dt^-\- 



k 



(tanh p + tan 6* — e)(i^2 + 2(tanh p — e)d(pid(p2 (A. 26) 

y/ek 1 , ~ 2 [7 1 , ~ 

■ 2— -^dtdcpi - —\- -^dtd(p2 , 

cosh p L \ K cosh p 
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where e = 1 — L^. Applying T-duality in the 02 direction we get 



922 



9tt 
9ti 

Bt2 
Bl2 



1 

1 



k 



tanh p + tan 9 — e 



911 = — {911922-912) = 



922 
1 

922 
1 

fi'22 

9t2 
922 
912 

922 



k tan^ 6* (tanh p — e) 
tanh p + tan 6 — e 



{9tt922 - 9I2) = - 
{9ti922 - 912912) 




tan^ + tanh^ p{L'^ - etan^ 9) 
L2(tanh^p + tan2 6' - e) 
ek tan^ 9 

cosh^p(tanh^ p + tan^ 9 - e) 

1 



L'^ cosh^p(tanh^ p + tan^ 9 — e) 



kB, 



t2 



(A.27) 



This solution describes rotation in the A plane (as opposed to the previous case where 
the branes move in the B plane) since gt2 vanishes and gti does not. 
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